ELEMENTARY GROUPS

BY
HOMER BECHTELL

1. Introduction. The purpose of this paper is to investigate two classes of
finite groups, elementary groups and E-groups. The elementary groups have
the property that the Frattini subgroup, ®(G), of the group G is the identity
and each element x € G is not only a generator of G, but also of each sub-
group of G containing x. The structure of these groups is fully developed.
Moreover, the elementary groups provide the first “large” class of groups,
whose structure is known, having the property that each subgroup of the
group is complemented (K-groups). From these groups one proceeds to a
class of groups G having the property that G/®(G) is an elementary group.
They are designated as E-groups and ®(H) < &(G) for each subgroup H of
G. Since all nilpotent groups have this property, the class is not empty.

The paper ends with a discussion of a unique characteristic subgroup,
E(G), of an arbitrary group G called the elementary commutator of G.
G/E(G) is an elementary group and E(G) is contained in any normal sub-
group N of G for which G/N is elementary.

Numbers in brackets refer to the bibliography. Unless indicated, the
notation and the definitions used will be those found in the standard refer-
ences such as M. Hall [4]. The alternative definitions and the basic prop-
erties of the Frattini subgroup will be assumed known to the reader. Only
finite groups will be considered.

This paper is a portion of the author’s doctoral dissertation at the
University of Wisconsin. He expresses his sincere appreciation for the en-
couragement given by Professor R. H. Bruck who directed the study.

2. Elementary groups. If for a normal subgroup N of a group G there
exists a proper subgroup H of G such that G = NH, then G is said to be
the partial product of N by H. It is clear that for each partial product of
N by H there is a reduced partial product, i.e., one in which for no proper
subgroup C of H does G = NC. Consequently, in a reduced partial product
G = NH, N normal in G, it is seen that N\ H < &(H). For those groups
G having ®(G) = 1, the ®-free groups, G may be expressed as a reduced
partial product over each of its normal subgroups. However, this condition
alone does not imply that each such product is a semi-direct product. This
can be overcome by insisting that each subgroup of G is &-free.
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DEFINITION. A group G is an elementary group provided that ®(H) =1
for each subgroup H =< G.

The most well-known elementary groups are the elementary Abelian
groups. However, the symmetric group on three symbols and the alternating
group on five symbols exemplify, respectively, the existence of solvable and
simple elementary groups.

The property is clearly hereditary, the elements are of square-free order,
and each element is not only a group generator but also a generator of
each subgroup that contains it.

Consider now the subgroup lattice of an elementary group. A group is
called a K-group provided that the subgroup lattice is complemented (see
Suzuki [6, p. 26]). In general the structure of K-groups is still an open
question and except for the supersolvable K-groups, very little at all is
known about them.

LeEmMMA 2.1. An elementary group is a K-group.

Proof. If for a subgroup H of an elementary group G,H =1 or G, then
clearly there is a complement; so assume that H is neither of these. #(G) =1
implies the existence of a proper subgroup K of G such that G={H,K}.
Suppose H N K # 1. Then #(K) = 1 implies there exists a proper subgroup
K, of K such that K={HNK,K,} or G={H,HNK,K,}={H,K,}.
Continuing in this manner, one arrives at an integer n for which G
={H,K,}, HNK,=1.

COROLLARY 2.1. An elementary group splits over each of its normal subgroups.

The symmetric group on four symbols, S,, provides a counterexample to
the converse of the corollary. S, is a K-group but not an elementary group
since it contains an element of order four. Thus in general the property of
being a K-group is not hereditary and so the elementary groups can form
only a proper subset of the set of all K-groups.

THEOREM 2.2. G is an elementary group if and only if
(i) G is a K-group and
(ii) each subgroup of G is a K-group.

THEOREM 2.3. For a group G the following statements are equivalent:

(i) If H is a subgroup of G and N is a normal subgroup of H, then H
splits over N.

(ii) If H is a subgroup of G, then &(H) = 1.

(iii) If P is a Sylow p-subgroup of G, then ®(P) = 1.

(iv) For each prime p, the Sylow p-subgroups of G are elementary Abelian.

Proof. Clearly (i) implies (ii), (ii) implies (iii), and (iii) implies (iv).
Then (iv) implies (i) from a result of Gaschiitz [3, Theorem 8] that a group
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G whose Sylow p-subgroups are all elementary Abelian, splits over each
normal subgroup.

COROLLARY 2.3. (i) A group G is an elementary group if and only if all
the Sylow p-subgroups are elementary Abelian p-groups.

(ii) The homomorphic image of an elementary group is an elementary group.

(iii) The direct product of a finite number of elementary groups is an ele-
mentary group.

The converse of part (ii) in the corollary is in general not valid but more
concerning groups having homomorphic images which are elementary will
be discussed in §4.

THEOREM 2.4. A group G having the property that each proper subgroup
is elementary is one of the following types:
(i) G is elementary and not a p-group.
(ii) G is a p-group and
(a) G is an elementary Abelian group, or
(b) G is cyclic of order p?, or
() G={a,b|a®>=b"=c" =1, ca=ac, cb=bc} for an odd prime p, or
(d) G is the direct product of a finite number of groups of types (a),
(b), or (c).

Proof. If G is not a p-group then each Sylow p-subgroup is elementary
Abelian and consequently G is an elementary group.

If G contains two normal subgroups M and N such that MNN =1,
then G is isomorphic to the direct product of G/M and G/N. So it is suffi-
cient to limit the remainder of the discussion to non-Abelian p-groups having
precisely one minimal normal subgroup contained in #(G). Since the center,
Z(@G), is prime cyclic, then Z(G) < #(G). Moreover, there must exist at
least two maximal subgroups, each elementary Abelian, and thus [G,G]
= &(G) = Z(G). Denote a maximal subgroup of G by H. Since &(G) = H,
then G contains an element y, y ¢ H, and H an element x, x & &(G), such
that [x,y] = ¢ 1. {x,y} non-Abelian implies G = {x,y}. Thus the order of
H is p* and of G is p® with

G=|{x,y|x* =y == 1,x = cx,yc = cy}.

-1,.-1

Note that p must be an odd prime for if p = 2, then xy = (xy) '=y 'x
= yx.

The study of nonsimple elementary groups is reduced to the study of
the semi-direct products of elementary groups. However the converse does
not follow, e.g., the symmetric group on four symbols.

THEOREM 2.5. The group G is an elementary group if and only if
(i) G contains a normal elementary subgroup K and an elementary subgroup
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H such that G=KH, KNH=1, and

(ii) there exists a homomorphism 6 of H into the automorphism group A(K)
such that a Sylow p-subgroup of Ho leaves elementwise invariant a Sylow p-
subgroup of K for each prime p dividing the order of G.

Proof. Suppose G is an elementary group. Clearly H and K are elementary
groups and each Sylow p-subgroup P of G is expressible as P(K) ® P(H)
for some pair of Sylow p-subgroups P(H) of H and P(K) of K. Hence one
can conclude that under the homomorphism ¢ of H into A(K), induced out
of transformation by elements of H, P(H) is homomorphic to a subgroup
P(H)6 of A(K) which leaves elementwise invariant the elements of P(K).
Since under 9, P(H)#6 is a Sylow p-subgroup of Hd, the conditions (i) and
(i) are necessary.

On the other hand, denote by P(H) the Sylow p-subgroup of H for which
P(H)0 leaves elementwise invariant a Sylow p-subgroup P(K) of K for a
fixed prime p and a homomorphism ¢ defined as above. Then P(H) lies in
the centralizer of P(K) and thus P = P(K)® P(H) is a Sylow p-subgroup
of G. Moreover for this fixed prime p, all Sylow p-subgroups are conjugate
in G and so they are elementary Abelian. Since by (ii) this is true for each
prime dividing the order of G, the result follows by Corollary 2.3(i).

COROLLARY 2.5. If a group G contains a normal subgroup K such that K
and G/K are elementary groups of relatively prime orders, then G is elementary.

Several other properties of the elementary groups will be mentioned in
brief. As for all K-groups, the intersection of the self-normalizing maximal
subgroups coincide with the center and hence the centralizer, Z*(G). More-
over, [G,G] N Z*(G) = 1. Whenever the group G is solvable, G is a special
case of the A-groups of D. R. Taunt and P. Hall [7], [5]. For the super-
solvable case the group is Hall-complemented and the structure is well
known [5]. The classification of simple elementary groups is incomplete,
however it should be noted that of the alternating groups only the one on
five symbols is elementary. (A communication from George Glauberman
(University of Wisconsin) has indicated an almost complete classification
of these from the known simple groups.)

3. E-groups. Removing the restriction that #(G) = 1, one obtains a well-
known property of the nilpotent groups, namely:

DEFINITION. A group G is said to have property (E) (GE (E) or G is
an E-group), provided that ®(H) < &(G) for each subgroup H of G.

THEOREM 3.1. GE (E) if and only if G/®(G) is an elementary group.

Proof. If G/®(G) is an elementary group, then under the natural homo-
morphism 6 of G having kernel ®(G), (®#(H))0 < ®(Ho) =1, ie., ®(H)
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< ®(Q) for each subgroup H of G.

For the converse note first that with 6 defined as above, ®(G8) = 1 since
there is a one-to-one correspondence between the maximal subgroups of
G6 and G. Then suppose that W/&(G) is isomorphic to a subgroup of Gb,
®(G) < W <G. Either #(W/#(G)) =1 or & W) is properly contained in
®(G). Considering the latter, W can be represented as a reduced partial
product over ®(G) by a subgroup K of W, i.e., W= &(G) K. Denote by T
the subgroup of W for which ®(W/&(G)) ~ T/®(G) and suppose there is
an element x © TN K such that x & ®(G). Since x ¢ ®(K) there then exists a
maximal subgroup S of K such that x & S, and either #(G)S is maximal in
Wor W = &(G)S. The latter contradicts our assumption that W = &(G)K
is a reduced partial product. But for the former T < #(G)S which implies
that K = {S,x} < #(G)S and another contradiction. Thus (W) must coin-
cide with ®(G).

This theorem permits all previous theorems on elementary groups to be
applied to the factor group G/#(G) and in particular the characterization
of E-groups involves the Sylow p-subgroups.

THEOREM 3.2. For each prime p, the Sylow p-subgroup of ®(G) is con-
tained in the normal subgroup N of G of least order which contains ®(P), P a
Sylow p-subgroup of G.

Proof. If N =1, then P is an elementary Abelian p-group and hence P
splits over the Sylow p-subgroup P* of &(G). A result of Gaschiitz [3,
Theorem 1] states that if A is a normal Abelian p-subgroup of a group G
and M a normal subgroup of G such that A<M <G, (G:M,A:1) =1,
then G splits over A if and only if M splits over A. Consequently G splits
over P*. So P*=1.

If N1, G/N has elementary Abelian p-subgroups and applying the
result for N=1, NP* <N, i.e., P*<N.

COROLLARY 3.2. If the group G contains an elementary Abelian Sylow p-
subgroup for the prime p, ®(G) contains no p-component.

THEOREM 3.3. A necessary and sufficient condition that a group G is an
E-group is that ®(P) < &(G) for each Sylow p-subgroup P of G and for all
primes p dividing the order of G.

Proof. If G € (E) the conditions are clearly necessary. On the other hand
it follows from Theorem 3.1 that they are also sufficient since G/®(G) would
be elementary.

CoROLLARY 3.3. G € (E) if and only if P*, the Sylow p-subgroup of &(G),
is the normal subgroup of least order which contains ®(P), P a Sylow p-
subgroup of G, for each prime p dividing the order of G.
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THEOREM 3.4. For E-groups A and B and a homomorphism 6 of A
(i) A6 and

(ii) A® B are E-groups.

(i) (#(A))6 = ®(A0).

Proof. Since under a homomorphism 6 of a group G p-groups go onto
p-groups and also since (#(G)6) < #(G)6, then A9 & (E). (ii) follows from
the known result [2, Theorem 6] that (A ® B) ~ &(A) ® ®(B). As for (iii),
note that if N < #(A), N the kernel of 6, then N < &(G) since a G-normal
subgroup K < &(H), H a subgroup of a group G, is contained in &(G)
[2, Theorem 5]. If N £ ®(A) there exists a reduced partial product A = NK
such that #(A/N) ~ N®(K)/N by an argument similar to the latter portion
of Theorem 3.1, i.e., #(A0) = ®(K)0. However, N®(A) < No(K) < N®(A),
the latter since A € (E), and hence (#(K))8 = (2(A))8 = ®(A0).

There also exists another characterization of the E-groups in terms of
commutators.

DEFINITION. Define k(G) to be the normal subgroup of least order gen-
erated by [®(P),G] for each Sylow p-subgroup P of a group G and all
primes dividing the order of G.

THEOREM 3.5. A necessary and sufficient condition that a group G be an
E-group is that k(G) = (G).

Proof. If GE (FE), then ®(P) < #(G) and hence the necessity follows.

On the other hand k(G) < #(G) implies [®(P), G] < #(G) for each Sylow
p-subgroup P of G. Next note that #(P) is contained in the intersection,
R, of the normal maximal subgroups of G for otherwise G contains a normal
maximal subgroup M such that M N P is a proper subgroup of P and P
= &(P)(M N P). Moreover, ®(G)®(P)/®(G) is contained in Z(G/®(G))
=~ L/#(G), where L is the intersection of the self-normalizing maximal sub-
groups of G [2, Theorem 15]. Consequently #(P) < RN L = &(G).

COROLLARY 3.5. For an arbitrary group G, G/k(G) is an E-group.

Proof. Under the natural homomorphism 6 having kernel k(G), k(Gf) = 1
since (k(G))6 = k(GY).

The existence of noncommutative simple elementary groups finds an
analogy in the unimodular group SL(2,5) for E-groups. #(G) is nontrivial
and G/®(G) is simple.

4. Elementary commutators. In this section an examination will be made
of the intersection of the normal subgroups N of a group G having the
property that G/N is an elementary group.

THEOREM 4.1. Consider a group G.
(i) G contains a unique, characteristic subgroup E(G), the elementary com-
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mutator of G, such that E(G) is contained in each normal subgroup N of G
for which G/N is elementary.

(ii) #(G) < E(G) £ R, R the intersection of the normal macximal subgroups
of G.

(iii) E(G) is the normal subgroup of least order containing ®(P) for all
Sylow p-subgroups P of G and each prime p dividing the order of G.

(iv) E(G) is the normal subgroup of least order containing ®(H) for all
subgroups H < G.

(v) GE (E) if and only if E(G) = ¢(G).

(vi) E(A® B) >~ E(A) ® E(B).

(vii) If G is not an elementary group, but every proper homomorphic image
of G is an elementary group, then G possesses one and only one minimal
normal subgroup.

(viii) (E(G))6 = E(G8) for a homomorphism ¢ of G.

Proof. For (i) note that if U and V are normal subgroups of G having
the property that G/U and G/V are elementary, then ®(H) < UNV for
each subgroup H of G, i.e., G/U N V is elementary. From this the existence
and uniqueness of E(G) readily follow.

If M is a normal maximal subgroup of a group G, G/M is prime cyclic
and by (i), E(G) £ R. Clearly ®(G) < E(G).

For (iii) it is enough to note that for the subgroup H of least order con-
taining ®(P) for all Sylow p-subgroups P of G and each prime p dividing
the order of G, G/H possesses elementary Abelian Sylow p-subgroups and
hence is elementary.

(iv) is a consequence of (iii) and (v) of (iv).

In (vi) set G= A® B. Since the Sylow p-subgroups of a direct product
is the direct product of the Sylow p-subgroups of the factors, then G/(E(A)
® E(B)) is elementary, i.e., E(G) < E(A) ® E(B). However, equality results
since under the homomorphism 6, having kernel E(G),

(E(A))6 = (E(B))6
= 1.

(vii) is a corollary to a theorem by Baer [1, p. 128] which was proven
for more general group properties.

Finally for (viii) one notes that if § is a homomorphism of G, G§ = H,
(E(G))8 < E(H) since #(K)0 < $(K0) for each subgroup K of G. However,
since (G/E(G))¢ is an elementary group, E(H) < (E(G))6 and equality
results.

If [G, G] = E(G), for all groups G, then all elementary groups are Abelian.
Since this is not the case one can conclude that the derived group is not
generally contained in E(G).
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